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subject to fi(x) ≤ 0, i = 1, . . . ,m
aTj x = bj , j = 1, . . . , p,
%!&'
	    f0, . . . , fm : R
n → R  
	 aj ∈ Rn 
i = 1, . . . ,m  bj ∈ R  j = 1, . . . , p   f : Rn → R 

	  dom f    
	    ∀x,y ∈ domf  ∀ θ :
0 ≤ θ ≤ 1,  
f(θx + (1− θ)y) ≤ θf(x) + (1− θ)f(y).
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hj(x) = 0, j = 1, . . . , p.
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subject to ‖Aix + bi‖2 ≤ cTi x + di, i = 1, . . . ,m
Fx = g,
)




  ∈ Rn Ai ∈ Rni×n bi ∈
R
ni




 " 	 
 





‖Ax + b‖2 ≤ cTx + d,
 





 			              	
E = {x | (x − xc)
TP−1(x − xc) ≤ 1}





  	      	 P 	 	     




  	  
 
   	   (Ax+ b, cTx+ d)  	




  A ∈ Rk×n
 ci = 0, i = 1, . . . ,m 	 	
   	  
     	 	 










	     
  	   D         p∗ 	 	
 

       	     ! 	 
	
"#   		   $ % &'   
 
    	 	 
	  
 	    
   		   	

 (  	  L : Rn×Rm×Rp → R   	 
	
  )







  domL = D×Rm×Rp. λi  νi      

  
 λ  ν  	       	

	 
 (   	      	  
























"  	 
   	 

 	 	
  p∗ 	

	 )  
 λ≥0  
 	 ν,  )
g(λ,ν) ≤ p∗. *
 
          	

C = {(x, t) ∈ Rn+1 | ‖x‖2 ≤ t}.
   	 	 	    	      	

   	  	
   		   	     
 




      x  
    −∞        
     
 	     
    p∗   g(λ,ν) > −∞.
   	
 	  	
   
    λν  λ≥ 0     	


       p∗     !
    "    
  
"  #         
        {
maximize g(λ,ν)
subject to λ ≥ 0, $
"   	
 	       %
         "  
         λ∗,ν∗  	
  
  	           
$
%     	

 &      
  "        
    '#       " 
        
	       $   

      p∗     
 %     d∗      
  	

      
 
d∗ ≤ p∗.
    (    	
 	   "    
     )   (     "
 p∗  d∗            
          p∗ = −∞  
 d∗ = −∞       	

  
%            d∗ = ∞
   p∗ = ∞        




  	     	 

 		   	 
  	     	  
   	 
 
    	  
     
  
  
 	  
 






  	   




$           
 
%    




subject to fi(x) ≤ 0 i = 1, . . . m,
Ax = b,
 f0, . . . , fm    
   	 &  
	(   ) 
     	  

  	       #    
 
* 
  	  
+ 	 	 
  #   

     ,' - ./    x ∈ 0D   
fi (x) < 0, i = 1, ..,m, Ax = b, &''1(
    
  2	    x  
 
  
     
 
    


   
 
   
3 
 






   fi      	 k 
  
 









 (    x ∈ 0D  
fi (x) ≤ 0, i = 1, .., k, fi (x) < 0, i = k + 1, ..,m, Ax = b, &'''(
    
  %       
 
  





   
 x ∈  D 	 
 	  D




    	
   	   





     	
     	  	 	  	 
  	 	 	     	
	  	
 	 	   
	  
 	  
 	! 	
   

 	 		  	    





! 	  
  	 
 	 
    		
	





	  	    	 	  
     	
  
    

	    %&'  	(	  	

$          
   	   
   	
 
 
) 	  
  
 	 	   
 	   
	 	 	 
	  	
* +   
     	   
,{
minimize xTP 0x + q
T
0 x + r0
subject to xTP ix + q
T
i x + ri ≤ 0, i = 1, . . . ,m,
--. 
        x ∈ Rn" P i ∈ Sn, qi ∈ Rn
 ri ∈ R i = 0, . . . ,m / 	  	  	
  

 	 P i   (     




 		   	
















    
   	 
	 xTPx =  





		  	 	




	   ⎧⎨
⎩
minimize  
(XP 0) + q
T
0 x + r0
subject to  
(XP i) + q
T
i x + ri ≤ 0, i = 1, . . . ,m
X = xxT .

 
		   
	       
 !"
!	 
	       			
X = xxT     #  X−xxT  0
 	     $
   	
   
	
 




(XP 0) + q
T
0 x + r0
subject to  
(XP i) + q
T
i x + ri ≤ 0, i = 1, . . . ,m
X  xxT .
%
&      
 !
	 	 	 	 
  '(
 ) *+ *,⎧⎪⎪⎨
⎪⎪⎩
minimize  
(XP 0) + q
T
0 x + r0
subject to  
(XP i) + q
T






(       












   		  	
    

' 
 	  
	 	   
	 &	"

		   
L(x,λ) = xT (P 0 +
m∑
i=1












  		 	 	
 x  	
	 	  R(P ) 
 	 








xTPx + qTx + r =
⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩
r − 14qTPH q , P  0



































            	

    


























  #   λ ∈ Rm. $!       %  	

     #% !   &
  #        '     
          %      ( % 







	  	  	  	 	  
   	 
 	  
	 	   
 	   
	 	   	  
   	  	   	  	 
	  	   	  
	   !" 	   #"
		 
 x ∈ Rn 	 λi ∈ R 			 $  	
	  	 	     	








 	 	&	  	    	
 	
	  	
		 ' 		 
	  &&&	 		  		
	  			(⎧⎨
⎩
minimize (with respect to K) f0(x)
subject to fi(x) ≤ 0, i = 1, . . . ,m
hj(x) = 0, j = 1, . . . , p,
  )"
   *		& 	  
	    "  	   
	
 	
	    R
q
	  	 	 
	 	 










	 	  $&	 
	  K	 	 $
&   &  		 	 	 $&  
&  + ,	  	 $&	 
	  
$  $		   K  	 	 		 &	
		&&	 						 	
-. 	 		 	 $	 	/
 	/&&&	
		  	 	  	 $&	 
	  	 			 	
			 $
   	  		 	 		
		 	 	/  	 		    	 	
  $&	 
	 	
  
	  &&&	 		   	 
 	  	  	   	  	/		 O 	 
  	 





f0(x) | ∃ x ∈ D, fi(x) ≤ 0 , i = 1, . . . ,m




              
      
        
 
       
 
    
    
   
 
   x  
     	
  f0(x)
 
     O         
    f0          	  
     
  
   
      f0(x)
 
 
   	
         
 !
"        
#      
  $        P      $  

      
   O     
   	
      bd O!     
$   
       	
     
 
	   O









          
  	
  
       
&   
 '
   λ k∗ 0    
 '
       
    

        
 (       

        ⎧⎨
⎩
minimize λT f0(x)
subject to fi(x) ≤ 0, i = 1, . . . ,m




             x 

   $            !




        





      	  
 
 λ k∗ 0   
 	 	 
 	   	
 			       	  
 	     	    









   	   
   !    












	 $%  !     !  λT f0(x)












	    	  		  			 





	  λ k∗ 0      
	 
(  	




K = Rq+      	




 )     

     f0(x) !  !








       
  f1, . . . , fm     
  h1, . . . , hp
 -   
     F1, . . . , Fq    
&  	
  
	 	    x∗  
Fi(x
∗) ≤ Fi(y), i = 1, . . . , q
 	   y 
  (      

        	 
	     
 	 
     	   + 
   x∗   
	      	     	
  









	 	 .  
  xpo     	    	 
 y 
   	  	










	  /   	   		    	





   λT (f0(y) − f0(x)) ≥ 0  	   
  y 
 0 / 
 +
    * 		  !  {u | − λT (u − f0(x)) = 0}    	
  	 

   O   
	 
  
  f0(x) 





    	   	 
 	
      	
 








        
{u | λT (u− f0(x)) < 0}
   	    
	 	         
    
      	 
 
     
	         	    
                 
    
 
   
	       
 
                    
  !           










   x  y     
      
Fi(x) < Fi(y), i ∈ A
Fi(x) = Fi(y), i ∈ B
Fi(x) > Fi(y), i ∈ C
  A  
            
x  y 	 B  
     x  y     
        	  C  
    
         y  x  #    
  
  
                 
  	         
       
$        x     y    
  	  

             i ∈ A      
         i ∈ C   %   
                   
&  
      

     
       
 
  
         	   q = 2 	   
   '                 
 
   	    
     
   
 % ( )%   % &    




   	 
   			  
 	 	 






	  	 
  	 	   	  
	 	   
 
		 		 	 	 
  
	 	   	 
	 	 
	    		 	 	
			  
	 		 	 
	 	  	 

 	  	 			 	   
	 		
   			  
 
		 	   
 	 




		   	 
 
	    	 








minimize cTx + log detG(x)−1
subject to G(x)  0
F (x)  0
#$#
  		 	 			     x ∈ Rm  
		
G : Rm → Rl×l  F : Rm → Rn×n  %	"
G(x) = G0 + x1G1 + · · ·+ xmGm
F (x) = F 0 + x1F 1 + · · ·+ xmFm
 Gi = G
T
i  F i = F
T
i  	  		 		


&	 	 		   #$#   
  	 		
	   	  
  	 	 	 	 cTx 
'    	  	 
#( 	 	
  			  	  	 G(x)
	  ) 
   #$#  
  	 			  	 

 
	 		 cTx+log detG(x)−1  
 
	   	
	 	 				*     	 	   
 
 	 	 	 	 	 	+	  
	
  	 		 
  	* 	 	 	 		
	 , 	  	

	 )  	
	 	 














 	     




 (Σ) ≤ kmax,  !!"
 Σ ∈ CN×N # 
    kmax # 
 	
$		      (Σ) 	 #    
 




  λmax(Σ)  λmin(Σ) 	 	 	    &
    &   
      Σ




 Σ    # 		)  	  		 
 		 	
 




 (Σ) ≤ kmax ⇐⇒ uI  Σ  kmaxuI,  !*"
 A  B 	       B−A # 	
 

 u ∈ R++
'( 		)   )   
   	     *" 
  	  
   ( )     		       ($
+
'		 
 )          
)    		    
 		 ,$
 	  











	   	   	  		 

		   			 	 	 	 	   	

	  		  		 		  	 	  
		 	 
		   	  	   
	  	 			 
   	 	 		
	  		 		 		  !	 	
 		" #$% #&%
 	 		   	    		  
	'
   	 ()* !( )		+ *  	+" #,% 
()*   
      	   	
 
	 
	 	 	  			   		 
		  -	  	   	   	 ()* 





 			 - 	 
  	 
 		 '	 !/( /  ( 		"
  	  




	 		 	 	 
	 			  
 
	 
	 	  
 	 	 
 	 
 		 	' !(/ (  / 		"
 	   			 	 
 	  	  
 	 
   	  
	 	 		
0$
  	   
	  	  	 

   	
      	  	 	   
    	    
 	 	 		  

 	      	    		 		
  	 	 	  
 	  		   	   
	  	 	    	  	 		     
	 	      	 	 	  
 	
  		        
  !     !	 "#$ 
			    	   %








' ( 	    	  	  	 )	 
		 	 	  	   
	  *  	  	

	    	 
	  	  	 +,-! '  
 (   	 	 	
	 
	   )	  		
 		    	  )	 
	    	 	. 	 	
  
	       	 ' 		 /	







0 	  	  
	  *  	 	
    
 	   
	 	   )   	
 *   	
 	 		  /    	 +,-!
1 (		 	      		 μ  JSEA
2	
 3
	   4
 1 	 	 )		  	 	  

		 "56$




	    /	
  	    )  x  y
/	






	 N = 2M  	 	 
 f0  	 




	 		  f0  M = 123 4  K = 16 K = 32  K = 128



















  JSEA  K = 16



















  JSEA  K = 32
























 f0  




  	   





	   	
   
   		 	  	 μ  	 	
 	    	 	    	 
 			   	  
 	  	  
     M   	 μ      	 		
!  	   	
   	 
 	  		
  
  	  	   
 
 	
   
 "#$% # $& %'  
 z = [z0, z1, . . . , zK−1]
T
    	  %%
 K   	
  
	 	   ( 	 )*+
   	     ,  	 H0 
  	  	







  ' ,  
 	  





  	 -     
  	
 .	  




H0 : z = d





  s1 = αp   	 	
 
 	
 α   
	
	 


























 s2 = βpj    β
   	   
 pj    












































 		  	

















    	
	 
 	
    	








& P0 P1 P2 α β  pj 	   	 






 		 !*    	  
	   
  




Hˆk : k¯ = argmax
k
fz/Hk(z/Hk)Pk .




 		   P0 P1 P2    




    		 
  
  











   (	 
 












    	















		   	   
    	 
 pj   


























 {H1 ∪H2} 	 . H0 /
   
  	 






























 !   
 



















  	  

     !   	 
















[−(z − s2)HM−1(z − s2)] . '







   	   






    
 	





 		  	 
 ! 
 		   ) 











 P1 = P2 = (1− P0)/2$  P0  
 *	
 
   $  
  	
   
  α





























     ,
  	

   
	 	
  	   
 pj  

.
  pj   $  




   /  










 	   

pj $  
	










     
    	  






  C    	 
   		 	 	 		 	 	 
  	 
 	  JSEA μ  JSEA 
 	 	 	
   	  	  		 f0 	  	
   K  	 	  s2 = βpj ∈ C 	 	
		     	 		 			     	 		


















 	 	 	 	 		  %&'( 
 
  )	 !**# +	 	 	  	   
 )  		 	  
{
%( z /∈ C
%( z ∈ C 
%( ,	  		 		 z /∈ C  	 - 	 		 
 		 
$
sˆ2 = arg min
s2∈C
(z − s2)HM−1(z − s2) .
	 	  		  	    
 .  		   	   	    	
+	 	     . 			    	$
L(s2, λ) = (z − s2)HM−1(z − s2) + λ(ξ ‖s2‖2 ‖p‖2 − |sH2 p|) ,
	 ξ = cos2(θ) θ %	  μ( 
 /  		
 		    C λ ≥ 0 
   	  	 ,
	  	   Q = ξI−ppH 	W = M−1 +λQ  		




 	 λ 		 			    0  	 			 
	 	 	 g(λ) = zHM−1W−1QW−1M−1z 	/	1
 λ ∈ [0,−1/γm] 	 γm 
  2    	 	
	  	 T = M 1/2QM 1/2 	 	 
     	1
  	 	 g(λ) 3  		 / 
	 λ0  	   	 g(λ) 	/	  
		 		 sˆ2ML = sˆ2(λ0)
  	  
	  	  	 

  	
 	   		
 z ∈ C  	







	 	 		  			  sˆ2ML  αˆML    	  

   
 
 






























  % 
 & '  	
  
  	














 {H1 ∪H2} " 
 	 








    	      
   	 	 	  	    	












  	  	  	
	   	 	   	 		 PFA) 	 	  
	






 !    		 	    
	 
   	  	  	 	  	  

	   	" 		 ! 		  #




 !    	 	  
  	 
   	  	  	 	   





















= Pr {lAMF (z) > η/H2} .
  		
   
 !    	 
	     	       		 
  	













  k = 1, 2    	"'()   	
* +,  &
PC/H1 = Pr {lAMF (z) > η, lGLRT (z) > 0/H1} , -.%
PC/H2 = Pr {lAMF (z) > η, lGLRT (z) < 0/H2} . -/%
  	 
 	  	  	 
   	 
		
PC = (1/2)PC/H1 + (1/2)PC/H2 , 

 




  	    	






 	  "













d 	 	 j   &	
"
'  	 

  	$ 	

	
 pj (  
#
	  !
 	    





   	 (  *
 	  (i, j)





























 	  .	
 
'
 0	" 1  	





 	 SNRj  (  ! SNRj =







 	  	    	 ( !  "	 η
  40 	
   
 




 0	" 2 
 	 "	 

	  $$		 	 
	!	
 PC 	 








 	  $	
  	  
ρ = 0.9 3  	
 % !" 	

  		 	 	
θ *
" 		  "	
 
	 C/ 	 (  θ = δμ 
δ = [0.5; 0.7; 0.9; 1] ( 
    *	  "	


	 C μ ( 	 JSEA 
  

 0	" 1  0	" 2




       	
	 	 	




       	 	
  α   

   
    
     



























  PC  	 
	





















 PC   ρ = 0.9
  	
 	
	 	  
		 PC   
	  	 

	 	 δ  	   	  	  	   	  

ρ = 0.9 K = 16
  	 
 	 	   
   	  
 
    	 	  

	   		 	 
		 PC   	  	   	 
	  !




 	  	  	 




















  PC  	 
	

























  	 	 PC  
   
  δ      	 
	  
    	 			 ρ = 0.9
K = 16
  	 















      

	











    













    
 #

$  	  

  	 
 	    
  	 
	    	   	 	  		
 	  	   	 		  		    	 	 	
• 	 	  	   		            
	 		        	    		 	
	     	  !
• 	    	 	    	   		     	
  "#$% %  	  	    	   	 	
&  ' 	        	     		 	
	    	   	 ' 	    		 	    	 






)  	 		    	 	  *	   
  	 	 	 	      	 z = [z0, z1, . . . , zK−1]
T

*	 	    	 %%  K  	  	 		
		      	 	  #(	 *	 	+
	  * 	  		    	   			  		
	 			    	 	 	   	   	  
, (	 	  H0 (  	   	 	 
 d 
 	 	-  ,   	 	 	
 			    ' (  	      	 
  	   +	.    	      	  		
	 	  	
/*  	  	    	 	 	   ⎧⎪⎨
⎪⎩
H0 : z = d
H1 : z = p + d p ∈ C1
H2 : z = q + d q ∈ C2 − C1 ,

00
 p  	  	     	 q  	  	 +
  	  		    	  1 
/$
) 	        	   
"  	  	   	 	 	 M = E[ddH ] ) +
	  		 d ∼ CN(0,M ) 2   	  	 		
' M  	  	   	   		 )  M 
    	  	  	
  	 
 	  	  	 
 	
   	 	
	 	  	 	  p







p ∈ CK : pHR1p ≤ 0
}
 q 	 		 	 
 
	 C2 −C1 	
 

C2 − C1 =
{















 γ1 > 0  γ2 > 0 γ1  γ2 

 		 	 
	 	 
	
θp  θq 		  	
	 











 		 	  	 !
  	
      	
 
 C1  C2 −C1
  	 
 	    
   	
 
    	
  
   	   	 
    s    	   

  	  	 	
  	  	 









   	 η  	  
   	 η  		 
  %%  	  PFA 
  		  &
 ' 	
 	  




  	  	 	




  	  	   	  	)
%  * 	  
		
    









































0     %  %  "#/ 	
  	   
	!
lGLRT (z) =− min
p∈C1
[










 	  	  	 
 
   	

















(z − p)HM−1(z − p)] . 
  ! 
 
  " 

# $











 z /∈ C1







 z /∈ C1#  
 %  " 

   
 )
pˆ = arg min
p/∈C1
[




















L(p, λ) = (z − p)HM−1(z − p) + λ(|pHs|2 − ξ ‖s‖22 ‖p‖22) ,







 Qu = ξI−ppH W = M−1+λQu# 
 "
















 T = M1/2QuM
1/2




 g(λ) ,- 2 " 3

 0














 z ∈ C1#  
 % 
" 
    
 )
pˆML = z . 4
  	 




    	
 	[




 pˆML  	
 
   


















(z − q)HM−1(z − q)] , 
 !	 	 







(z − q)HM−1(z − q)
subject to qHR1q ≤ 0
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subject to & (B1Q) ≤ 0
& (B2Q) ≤ 0
& (B3Q) = 1
Q  0 .
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subject to Y = y1B1 + y2B2 + B0 + y3B3  0
yk ≥ 0, k = 1, 2.
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S = 1 + zHM−1z − (M−1z)HM(M−1z) = 1 > 0 .
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B  13 bit Code Matched Filter − filter length = 13 



























B  13 bit Code Optimal ISL Filter − filter length = 13 
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B  13 bit Code Matched Filter − filter length = 33 




























 13 bit Code Optimal ISL Filter − filter length = 33 
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 13 bit Code Matched Filter − filter length = 13 




























 13 bit Code Optimal ISNR Filter − filter length = 13 
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 13 bit Code Matched Filter − filter length = 33 




























 13 bit Code Optimal ISNR Filter − filter length = 33 
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 13 bit Code Matched Filter − filter length = 13 





























 13 bit Code Optimal PSL Filter − filter length = 13 
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 13 bit Code Matched Filter − filter length = 33 




























 13 bit Code Optimal PSL Filter − filter length = 33 
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Curva del PSL(dB) associata al codice di Barker a lunghezza 13
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 13 bit Code Matched Filter − filter length = 13 
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Pareto optimal curve for γ = [0.01 : 100] 
γ increasing
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 13 bit Code Matched Filter − filter length = 33 
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Pareto optimal curve for γ = [0.01 : 100] 
γ increasing
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 34 bit Code Matched Filter − filter length = 68 




























 34 bit Code Optimal ISL Filter − filter length = 68 
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Curve dell’ ISL(dB) relative al codice di Barker 13 ed al Barker polifase 34
  Barker 13
Barker polifase 34
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B  34 bit Code Matched Filter − filter length = 68 



























B  34 bit Code Optimal ISNR Filter − filter length = 68 
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B  34 bit Code Matched Filter − filter length = 68 



























B  34 bit Code Optimal PSL Filter − filter length = 68 
  	
    	
 	
 	 	 	  
34    	
 	  	 	     PSL 	

 68

























   











  PSL 



















  PSL 


    !" 





   
 
 




   
  
   
   &' 






ISL*" % + , % +& -'
PSL*" %.,'/, %,!+'/
ISNR*" % & -! % & &+/
 	  	          PSL
 P = 68   	 	 	   34
0

































Curve del PSL(dB) relative al codice di Barker 13 ed al codice di Barker polifase 34
Barker polifase 34
   Barker 13
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 34 bit Code Matched Filter − filter length = 68 
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Pareto optimal curve for γ = [0.01 : 100] 
γ increasing
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minimize 	(Σ−1S)− log det(Σ−1)
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minimize 	(ΩS)− log det(Ω)
subject to cond(Ω) ≤ kmax
Ω  a2I
.
   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i=1(liμi − log μi)
subject to   ≤ μi ≤ kmaxu  = 1, ...,
μi ≤ a2  = 1, ...,
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